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A general theory of stationary disclinations is developed for a linearly elastic, infinitely extended, 
homogeneous, isotropic body. It is shown to be a special case of the anisotropic theory. Integral ex- 
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1 . Introduction 



In a previous paper [2] 1 we have developed the 
general theory of stationary disclinations in a linearly 
elastic, infinitely extended, homogeneous, anisotropic 
body. In the present paper we wish to specialize some 
of those results to the case of an isotropic material. 

The purpose for this is three-fold. First, for many 
special applications of the general theory, the isotropic 
calculations can be carried through analytically; 
therefore it is convenient to have the isotropic 
formulas. Second, it will be easier to compare the 
present results with those in the general lietature; 
many of the latter have been derived independently 
with isotropy assumed a priori. Third, when the rela- 
tion between isotropic and anisotropic theory is clearly 
revealed, it is often possible to adapt isotropic tech- 
niques to anisotropic problems; this has often been 



1 Figures in brackets indicate the literature references at the end of this paper. 



successful, and the literature on isotropy is vastly 
greater than that on anisotropy. 

The general approach in this paper is to develop the 
isotropic theory ab initio and show its correspondence 
to the anisotropic results at many convenient and illus- 
trative points. 

In* section 2 we give the isotropic forms of certain 
key relations, i.e., the elastic constants, Green's tensor, 
and the incompatibility source tensor. 

In section 3 we review incompatible elasticity theory 
without specifying the nature of the defects. We first 
solve the plastic strain problem which gives the integral 
expression for the total displacement, which is useful 
for all the rest of defect theory. We illustrate the result 
by Eshelby's simplest model of a point defect. Second, 
we solve the incompatibility problem, which gives the 
state quantity of elastic strain as an integral over the 
incompatibility tensor. 
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In section 4 we review classical dislocation theory. 

In section 5 we develop the theory of a continuous 
distribution of defects. Integral expressions are derived 
for the basic elastic fields (i.e., strain and bend-twist) 
and the stress. The expressions for these state quanti- 
ties are given in terms of the defect densities, i.e., the 
dislocation and disclination densities. 

In section 6 we specialize to the discrete defect line. 
We give the total displacement as a surface integral, 
and the basic elastic fields and stress as line integrals. 

In this paper we shall freely refer to the results of 
two previous papers [1, 2], which will be denoted as I 
and II. 

2. I sot ropy 

For an isotropic material the elastic constants Cyki 
reduce to only two independent constants. In terms 
of the modulus of rigidity G and Poisson's ratio v 
we can express them as follows [3]: 

Cijki = 2G I dik-dji + _ Sifiki ) , (2.1) 

\ A LV /(if) 

where 6\, is the Kronecker delta, and the symbol (ij) 
indicates that the quantity in parentheses is sym- 
metrized with respect to i and /. We have used Carte- 
sian coordinates for simplicity. 

For isotropy it is also possible to give the explicit 
expression of Green's tensor, as follows [3]: 

Gj '" (r) = 8rf( 8j,r *"2(M rjn ) ' (2 ' 2) 

where r is the radius vector, and the comma indicates 
differentiation. The combination CijkiGj n> i occurs 
extensively throughout II. From (2.1-2) we find that 
it reduces to 

CijklG jn ,i(r) = jT— f $lnr,kqq+&knr,l QQ 

1 V \ 

~ T^Z r ,kln + YZl — Skir,nqqJ § (2.3) 

Another quantity that occurs in II is the incompati- 
bility source tensor, defined by (II4.25) 2 

If 

ImnpqyY) — T I €pmk ^qsl^ ijkl ^jn,V s'\V ) **■ &* (win) i 

(2.4) 

where e pm k is the permutation symbol and R is the 
magnitude of the vector R = r — r'. From (2.3) this 
reduces for isotropy to 

lmnpqKJ*) = 0977-2 I ^pmk €qsl[ bin f li'i'k's' 

+ \ — v &kir'ii'i'n't' JR' 1 dV\mn), (2.5) 

2 The symbol (114.25) is eq (4.25) in ref. [2]. 



where we have used the antisymmetry or skewsym- 
metry of e QS i. From the integral 

[r\ vv R- l dV' = 2 [ {r , R)-'dV'=-*7rr (2.6) 

this reduces by partial integration to 

Imnpq(r) = — ~oZ € pmk £qsl V&ln T ,ks + T^2 ^klf,nsj 

(2.7) 
Finally by (114.26) this reduces to 

lmnpq\Y) = ^ OmqOnp T ,kk Omn O pq T ,kk 1 Omn r ,pq 

t>np f,mq i ~ \Opqr f mn O m q r, n />) • (A'®) 

1 — V J(mn) 

The specializations of this section will reduce all the 
results of II to isotropy, as we shall see. Throughout 
the paper repeated indices are summed according to 
the Einstein summation convention. This convention 
also applies between primed and unprimed indices, 
as in (2.4). 

3. Review of Incompatible Theory 

In this section we shall give the formal solution of 
two problems, which can be posed without specifying 
the nature of the defects involved, i.e., the plastic 
strain problem and the incompatibility problem. 

3.1 . The Plastic Strain Problem 

Given an infinitely extended homogeneous isotropic 
body with the plastic strain ef. given as a prescribed 
function of space. We seek to find the resulting dis- 
placement uT throughout the body. 

We solve this problem by a method similar to that of 
section II2. 3 The equilibrium equation for the stress 
o- is(II2.1) 

(Tij,i = 0. (3.1) 

For the isotropic case Hooke's law (112. 2) reduces by 
(2.1) to 



Tij = 2G Uij + Y~2v 8ij 7 ' 



(3.2) 



where we have written e for dilatation, or trace of the 
elastic strain eij, i.e., e = ea. The total strain is defined 
in terms of the total displacement (112. 4) and consists 
of an elastic and a plastic part (112. 5) 



ef. = uf. ., = en -h e... 
ij 0,0 lJ ij 



(3.3) 



The above relations (3.1 — 3) are conveniently combined 
into the expression (c.f. II2.6) 



3 Section 112 is Section 2 in ref. [2]. 
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u T .. + — - — U T .. 



= 2e r . , + - 



2v 



lJ > J \-2v 



e 1 '- 



(3.4) 



This is the set of partial differential equations we have 
to solve for uT when ef, is given. The most straight- 
forward method of attack is to reduce (3.4) to a bihar- 
monic equation. First we take the derivative of (3.4) 
with respect to X{ to obtain 



1 -v 



= e p . .. + - 



(3.5) 



1 -2v *•<« ~U.U \-2 v 
Next, we take the Laplacian operator of (3.4) and find 
1 ~ „ 2v 



t = 2e r + - 

ijjkk ' y — 2v ™J>V kk iJJkk J 

Combining (3.5 _ 6) we have 
1 



— e' .... 
2v ' lJJ 



ijjkk 



= 2e'\ . 



+ ■ 



UJfcfc 1 — j; JMj* I 



— e' .... 



(3.6) 



(3.7) 



To integrate this equation we shall use the following 
relation 



(8n)- , r, JJkk + 8{r)=0, 



(3.8) 



where S(r) is the three-dimensional Dirac delta 
function, defined in Appendix IIB. One interesting 
way to derive this relation is by substituting (2.3) into 
(112. 7). This shows that (3.8) is the isotropic equivalent 
of the defining equation for Green's function. 

The solution of our problem now follows easily 

a[(r) = [ 8(R) uj(r') dV 

= -j- f RjjMuUr') dV 

57T J ' 



-e 1 '. (r') 



dV 



877j 



2Rj 



ke^r') 



R 



,ijk 



jk 



L(r') 



+ 



l-v 



R,we p (r') 



dV\ 



where the integrations are taken over all space. In 
the above derivation the first equality follows from the 



property of the delta function (IIB3), the second 
equality from (3.8), the third by partial integrations, 
the fourth from (3.7), and the fifth again by partial 
integrations. In the above partial integrations the 
surface integrals at infinity vanish. For this to happen 
the following two conditions must be satisfied: the 
boundary condition for the total displacement is that 
uf(r)—>0 as r— »°°; and the condition on the pre- 
scribed plastic strain is that e(}(r) approaches zero 
faster than r~ l as r— >°°. This last condition also in- 
sures that the integral (3.9) is finite. It is easily shown 
that (3.9) also follows by substituting (2.3) into (112.15), 
verifying the consistency between isotropic and aniso- 
tropic theory. For the case that efj is constant within a 
bounded volume and vanishes outside this volume, 
(3.9) immediately reduces to Eshelby's result [4|. 
The total distortion is easily obtained from (3.9) 

Plj(r) = uj.(r) 



i/[« 



ikil <(r') 



1 -v 



R,UkieUr') 



+ 



l-v 



R mk e p (r')\dV. 



'] 



(3.10) 



The equations of this section will form the basis of the 
expressions for the fields of the more specific defects 
treated in subsequent sections. 

Eshelby pointed out that the field of a defect can also 
be simulated by a fictitious distribution of body force. 
For the isotropic case it is obtained by substituting 
(2.1) into (112.16). So the defect described by e p v is 
simulated by the fictitious body force 



-fj = -2Q 



(«. 



+ 



1 -2v 



(3.11) 



3.2. Application: The Point Defect 

It will be instructive to consider a simple application 
of the relations (3.9) and (3.11). Eshelby [5] regards the 
discrete point dilatation as the simplest elastic model 
of a point defect. In our formulation this is easily 
given by the expression 



ef/r)=|AF8«8(r), 



(3.12) 



where AV is a constant which represents the plastic 
volume change. Then we find for (3.9) 



uT(r) = cxi/r 3 , 
^3 g\ where c is the "strength" of the point defect: 



1 + y AV 
1-v12tt 



(3.13) 



(3.14) 
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From (3.11) we find that this point defect can be 
simulated by the fictitious body force 



-fj = -AVK8j(r), 

where K is the bulk modulus 

\ + v 2G 



K = 



1-2^ 3 



(3.15) 



(3.16) 



These results agree with Eshelby, who elaborates this 
problem further. 

In view of section 113. 3 the plastic distortion Py 
can be regarded as equivalent to a dislocation loop 
density jij (113.34). Hence eq (3.12) shows that the 
point defect can be represented by a set of three equal 
discrete prismatic loops at right angles. This then is 
an example showing that a point defect can be repre- 
sented by a discrete defect loop density. 

Equation (3.15) furthermore shows that the point 
defect can also be simulated by a set of three equal 
fictitious discrete double forces at right angles. 

3.3. The Incompatibility Problem 

The incompatibility tensor r)ij is given as a prescribed 
function of space. To find the resulting elastic strain 
eij throughout the body. 

We solve this problem by exploiting the concept of 
plastic strain. If the plastic strain field e p is given, 

then the symmetric incompatibility tensor is defined 
by (114.11) 

Vij — *ikl tjmn ^i n>km (3.17) 

and satisfies the continuity condition (114.13) 

T?ij,; = 0. (3.18) 

The expression (3.17) can be expanded by (114.26) into 

VV = ~ e ij,kk ~ e % + € jk,ik + e ik,jk + 8i J ( e fn — e ki,ki)' 



From this we derive the two results 



j) = e p - 



i)ij — 8ij 7] = — e p ut . — e p 



kl,kV 

e p + e p 

c jkAk* *ik,jk' 



^ij,kk " ,ij 

The solution of our problem now follows easily: 



(3.19) 

(3.20) 
(3.21) 



+ j=- v «.« to - <vA + T=~ v R ' kk <n] dv ' 



-«SW 



= -h\[ RkkJ}ii{rl) 

+ (y=^ - 8 U «•**) -n(r')] dV. (3.22) 

Here the first equality follows from (3.3), (3.10), and 
some partial integrations, the second equality from 
(3.20-21), and the third by partial integrations, (3.8), 
and cancellations. It is easily shown that (3.22) also 
follows by substituting (2.8) into (114.31), and using 
(3.18). In the latter calculation it will be noted that 
the terms in (2.8) containing r, p and r, Q make no con- 
tribution to the integral. This shows that the precise 
form of (2.8) is somewhat indeterminate. 

We see that the elastic strain e^ is a state quantity, 
because it is given entirely in terms of an integral over 
the incompatibility rjij, which represents a defect 
distribution, and is therefore itself also a state quantity. 
By a state quantity we mean a quantity that can be 
measured experimentally without any knowledge of 
former states of the body. 

4. Review of Dislocation Theory 

4.1 . Continuous Distribution of Dislocations 

In this section we give a formal solution to the 
following problem: The plastic distortion fi p ., or the 
dislocation density otin, is given as a prescribed 
function of space. To find the resulting elastic distor- 
tion fiij. 

We solve this problem basically by using the solution 
for the displacement found in section 3.1. We also 
derive expressions for the strain, dilatation, stress, 
and rotation. The dislocation density is defined by 
(II3.4) 



Otin = — €ikl ft 



ln,k 



and satisifies the continuity condition (113. 6) 

«in,i= 0. 



(4.1) 



(4.2) 



Instead of the dislocation density it is sometimes con- 
venient to use the contortion (15. lib) 



Ki k = - 8*i a — ccki. 



(4.3) 



The total distortion is defined in terms of the total 
displacement and for dislocations only consists of an 
elastic and plastic part (II3.9) 



fil-»h-to+fi!r 



(4.4) 
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Once the elastic distortion is found, the elastic strain There is another convenient form for (4.9), which is 

and rotation easily follow from (113.13-14) obtained by using the identities 



eij — Pdjh 

0)k = -€ijkPij> 



(4.5) ^iklOiij = €i k i(Xji — €klm8ijai m i + €il m 8jkOtmh (4.10) 

Rjtikm = R f m€ikl~ R,i£klm+ R ,k€ihn- (4.11) 



(4.6) 



To solve our problem we recall that the plastic strain 
is the symmetric part of the plastic distortion (113. 2) 



With these we find 






(4.7) 



/3o(r)=g^; I [R,lnn€ijka k i(r') + R ,knn€iklOtjl{r' 



«"=-£/ 



and therefore we find the total displacement in terms ' "" u 

of the plastic distortion from (3.9) 

+ JZ^, (*.«*««■ ~ R, jkm e ikl )a ml (v')]dV. (4.12) 
RjjkP^+Rj^ir') 

The last term in this expression vanishes by a partial 
integration and (4.2). So we obtain finally 
dV\ (4.8) 
i-i, 1-1/ J _ _L f T 

By (4.4) it is then simple to express the elastic distor- 0<K p )"" ^ J \R,inn€ijk<Xki(r) + R,knn€ik#Xji(r') 
tion in terms of the plastic distortion, which solves the 

first part of our problem. Next, we want to find the / Rj jk \ , "I 

expression in terms of the dislocation density: ~^ I ] — v ~ °ijR,knn J €kimOtmi(T ) dV . (4 13) 



\-v 



R, m tf k (r')+- R tW p p (r f ) 



jk 



\-v 



^=~h\ 



r,,,,,,^ .,+R,k„^ l ; jJ , 

-R,jkiP' kl t ,+T J! -R,}««li p i , 
= S^}[ R ' ,nni€tikakl ~^i,r ) 



This is the elastic distortion due to the prescribed 
dislocation distribution a in . It is a state quantity. 
By (4.1) we can also express it in terms of the plastic 
distortion. This then solves the originally posed 
dr-p'ir) problem. 

Next, we find the elastic strain from (4.5) and (4.13) 

e ij( r ) = g^J \R,k*n(€ikiaji(r')){ij) 



+ R,knn(€iklOHj — ff jJe ,) 



+ ( y^; - M.*") € k ima m i(r') 1 dV'. (4. 



14) 



~" 7^ R Jkl(€ikmOL m i - /8JJ fc ,) 

= 7T- I R ,inn€ijka k i(r f ) -\- R fknn eikiaij(r) 

i 

R Jkl€ikm&ml(r ) 



From this we find the dilatation 



\-v 



\-2v 1 f 
e(r) = j~7 8~ I R,knn€klmOtml(r)dV\ 

and the stress by (3.2) 
o-ij(r)=-^ T j Rtknnieikiajiir'^ij) 

+ jzrj; (R ,ijk ~ 8ijR,knnUkima m i(r') dV . (4.16) 



v 
\~v' 



^~^~~R,jnn€ilmOLml{r') 



dV. 



Here the first equality follows from (4.4), (4.8) and a) k (r) 
some partial integrations, the second from (4.1), and 
the third by partial integrations, (3.8), and some 
cancellations. This result could also have been ob- 
tained more directly by substituting (2.3) into (113.17). 



(4.9) The rotation is found from (4.6) and (4.13) 

1 



|^ I R,lnn(*kl(r')— ^R,knnOt(T') 

+ ^R Jnn a jk (r')]dV f . (4.17) 
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The last term in this expression vanishes by a partial 
integration and (4.2). So we have 



,a k i(r')— - R , k nnOi(r' 



)-8^J [ R > lnn{ 

= -^JR,lnnKi k (r')dV, 



r')]dV 



(4.18) 



where the last equality follows from (4.3). 

To summarize, in this section we have derived ex- 
plicit integral expressions for the most useful elastic 
fields (distortion, strain, dilatation, stress, and rotation) 
of a continuous distribution of dislocations in an infinite 
isotropic body. 

4.2. The Discrete Dislocation Line 

For a discrete dislocation line with Burgers vector 
bj along the curve L the plastic distortion has the 
special form (113.21) 



j8*(r)=-MS)6j, 



(4.20) 



where 6\(S) is the Dirac delta function for a surface 
S whose boundary is Z>, defined in Appendix IIB. 
Therefore we find for the displacement (4.8) 

U * (r) = tor \ [ R ■ }JkbkdS ' i + R >> kkbidS 'j 

— - R,ijkbkdS'j,+ - RjjjbkdS'u I, 

1 — v \ — v J 



(4.21) 



where we have used (IIB9). This expression could also 
have been obtained directly by substituting (2.3) into 
(113.30), as was done in ref. [3]. The same result was 
also obtained by Kroupa [6, 7]. 

For the discrete dislocation line the dislocation 
density is given by (113.23) 



a in (r) = 8i(L)bj, 



(4.22) 



where $i(L) is the Dirac delta function for the closed 
curve L. We therefore find for the elastic distortion 
(4.13) 



/Mr)' 



8tt 1 l 



R,lnn€ijkdL' 



" R ,knn€ikldL' 



{f^-^jR,^e klm dL[ n ^ (4.23) 



-f 



( -j J_ — &ijR , knn J ZklmdL ' m , (4.24) 



which agrees with ref. [3]. We find the dilatation from 

(4.15) or (4.24) 

e(r)= — TZT~'o L( f R,knnekimdL' m , (4.25) 

and we find the stress from (4.16) 
Gbi 



o-ij(r) = 



4>7T 



R,knn(€ikldL[)(ij) 



H~ , _ (R , ijk —$ijR ,knn) €klmdL ' m , 



(4.26) 



which agrees with ref. [3], and has been called the 
formula of Peach and Koehler. Finally, we find the 
rotation from (4.18) 



o>*(r) = 



8tt 



R 



, Inn 



dh' k 



l 



R , knndL 



;]■ 



(4.27) 



In this section we have derived explicit closed line 
integrals for the most useful elastic fields of a discrete 
dislocation line in an infinite isotropic body. Most of 
these expressions have already been given before in 
the literature and proved very valuable for specific 
calculations and applications of dislocation theory. 

5. Continuous Distribution of Defects 

As in II we shall denote the combination of disloca- 
tions and disclinations by the word defects. Similarly 
we shall refer to the strain and bend-twist as the 
basic fields. Further discussion of the basic total, 
elastic, and plastic fields is given in ref. [10]. 

In this section we give a formal solution to the follow- 
ing problem: The basic plastic fields e£ and rf. , or the 
defect densities otin and 0jj, are given as prescribed 
functions of space. To find the basic elastic fields 
dj and kij. 

Again, we solve this problem basically by using the 
solution for the displacement found in section 3.1. In 
addition we also derive an expression for the stress. 
If the basic plastic fields are given then the defect 
densities are defined by (114. 1-2) 



din = — *ikl(ef ntk — tjknK^) , 

Oij - - *ikiKF j)k , 



where we have used (IIB8). Similarly we find the elastic which satisfy the continuity conditions (II4.3-4) 
strain from (4.14) or from (4.23) 



Sij(r)=- L <b \R,knn(e ik idLl) (ij) 



&in,i i €ijnVij — 0, 

0y,i = 



(5.1) 

(5.2) 

(5.3) 
(5.4) 
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The conditions (5.3-4) can be combined into 

€iklOtml,mk + On, 1=0. 



~ JZT; R^Ar')+j^Rjnne[],(r') 



(5.5) 



dV (5.14) 



By (5.9-11) it is then simple to express the basic 

The incompatibility (3.17) can also be expressed as elastic fields in terms of the basic plastic fields, which 

(114.12) solves the first part of our problem. Next, we wish to 

<rj i j = — ( e jmn & in ,m + Q ij) (ij) . (5.6) find the expressions in terms of the defect densities. 

First we find from (5.14) 

Instead of the dislocation density at n it is sometimes t ( \ — _L f Tj? / ( p \ r p\ 

convenient to use the contortion which is still defined u j,i^ r > ~ Stt J \ K > lnn ^ ei ^ 0Lkl ~ K ik^ ~ e u,r + eijlK ' 
as before (I6.5b) 



Ki k = - 3 k ia — a k i. 



(5.7) 



For the disclination density By it is useful to have the 
expression 



6ij — 8ij0 — 



€«w#c£ . + 8ij€klmK 



*ljjc 



lm,k 



-ewu;^ -<,,,.) 



(5.8) 



where the second equality follows from the identity 
(4.10) with a replaced by k. The basic total fields are 
defined in terms of the total displacement and consist 
of elastic and plastic parts (114.14—15) 



0.0 J u 



where the total rotation is defined by 

1 



° k = 2 €i ^ u j,r 



(5.9) 
(5.10) 

(5.11) 



For completeness we also include the expressions 
for the characteristic vectors, i.e., the total Burgers 
vector B n and the Frank vector ilj (II4.5-8): 



B n = — <J> (cf n — ejmnKfjXm) dL t 

= I \&in tjmnUijXm) d^i, 

Jo- 



dLi 



-I 



OijdSi, 



(5.12) 



(5.13) 



where k is a Burgers circuit and or the Burgers surface 
which spans X. 

To solve our problem we use the distortion given 
by (3.10). By some partial integrations and changes 
in dummy indices we have 

< i(r) = ~ h\ [^.'«n^,,(r')+/?,, n „e^,,(r') 



+ R MnUiki(aij— k^) — ef jjc , — eij k K r } 
—y—^R,jki{eikm(a m i — K p lm ) — ef lk , + etkiK 1 '} 



dV 



+ JZ^, R J'»>{€iim(a m i-Kf m )-e' i ' l[ ,} 

8tt\ r* •'""*' jk ( akl ~ K 'i^ + ^ *»» € «« a y 

— i _ A Jkl€ikmOCml + i _ R Jnn£ilm<Xm) 



-R 



, nn eiklK jlk , + ^ _ ^ R Jl€ikmK\ mik , 



R. 



BtaK£,]dr+ej; 



(r) 



* ». ,j nn* 

\ — v 

= 87r I \R> lnn€ V k ( akl ~ rfk) ~ R*nn€ikl(Xjl 

~ R ,knn€klm$ijOL m l 

+ l _ v (R AjkGklm ~~ R ,jkm€ikl ) OL m i 

+ R,, m (0ij- 8ij0) -yz^Rji(9u-8u0)] dV 



+ «S(r) 



= ^|[«, ( n«€^(a fc ,(r')-Kf;(r')) 

+ R ,knn€ikiOLji(r ) 

+ ( TZ^ ~ 8ij ^ > knn ) €klm(Xml ( r ) 

+ /?,«n^(r , ) + (^ ; -8i i /?,n»)e(p')l 

+ e£(r). (5.15) 

Here the first equality follows from (5.1), the second 
from partial integrations, (3.8), and cancellations, the 
third from (4.10-11), (5.8), partial integrations and 
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cancellations, and the fourth from partial integrations 
and (5.5). 

From (5.15) we then find the elastic strain by (5.9) 

e O'( r ) = g^: I \R,knn(€ikl(Xjl(r'))(ij) 

+ (/ — &ijR ,knn ]€klmOLml(r') + R >nn 0(ij)(r') 



+ (t^t -«««...)«('') 



dV. 



(5.16) 



This is the elastic strain due to the prescribed defect 
distributions ai n and 6ij. The result could also have 
been obtained by substituting (2.3) and (2.8) into 
(114.29), using (5.4-5). In the latter calculation it will 
be noted that the terms in (2.8) containing r, q do not 
contribute to the integral. We see that etj is a state 
quantity because it is given in terms of the defect 
densities. By (5.1-2) we can also express the elastic 
strain in terms of the basic plastic fields. So (5.16) 
solves half of the originally posed problem. We note 
that when the disclination density vanishes, 0*j = O, 
(5.16) reduces to (4.14), as expected. There is another 
way to write (5.16), by doing some partial integrations 

eij(r) = g^ I \R,nn(e k imOi j i >k '(r)-^e ij (r , )\ ij ) 

+ (^-oo/?,nn)(e fc/w a m ^(r') +0(r' ))>]<#", 

which agrees with (3.22) by (5.6). This then shows an 
alternative way of deriving (5.16). Next we find the 
dilatation from (5.16). 

e(r)— g^ I lK,knn€klmOLml{r ) 

+ R,nnO(T')W 9 

and the stress by (3.2) 
0*( r > = 4^J \R t knn(e ik iaji(r f )) ( 



(5.18) 



v 



f(ij) 



1 



+ R,nnO(ij)(r') 



(R , ijk ~ &ijR , knn)^khnOi m l(r ') 



+ y~^ (Rjj-SijR.nnWr'^dT'. (5.19) 

To find the elastic bend-twist, we first find the total 
rotation from (5.11) and (5.15) 



<(r) 



8ttJ L 



R,lnn{0L k l — K P lk ) —^R,knnOt 



I 

2 U,J 



~* a « ,jnn&jk ~r i\ , nn^ijkvij 



dV 



= -^R,lnn[K lk {T') + K P lk (v')]dV', (5.20) 

where the second equality follows from (5.7), a partial 
integration, and (5.3). Finally we find the elastic bend- 
twist 

Klj(r) =-^ J [R,klnnKkj + R,knnK P w]dV'-K* (p) 

l r 

— ~7T~ I [R,klnnKkj + R ,knn{tiklQij 

-K? j>k ,)]dV>-K%r) 

= ~ g~" I [R,klnnK k j(r) 



R ,knn€ikl@ij(l*')] dV . 



(5.21) 



Here the first equality follows from (5.10), (5.20), and a 
partial integration, the second from (5.2), and the third 
by a partial integration, (3.8), and a cancellation. This 
is the elastic bend-twist due to prescribed defect 
distributions oti n and 0y. The same result can also be 
obtained by substituting (2.3) into (114.34), and using 
(5.3) and (5.5). We see that it is also a state quantity. 
By (5.1-2) we can also express it in terms of the basic 
plastic fields. So (5.21) and (5.16) solve the originally 
posed problem. When the disclination density vanishes, 
6ij = 0, (5.21) reduces to the derivative of (4.18), as 
expected. 

In this section we have derived explicit integral 
expressions for the basic elastic fields and the stress of 
a continuous distribution of defects in an infinite 
isotropic body. We have seen that when the disclina- 
tion density vanishes, Ojj = 0, the results reduce to 
these for dislocations in section 4.1. Due to the assump- 
tion of isotropy the above integrals are given in terms of 
the relative radius vector R and its derivatives. Hence 
those are straightforward integrations for any given 
distribution of defects. For example, in the next section 
we shall see how they apply to a discrete defect line. 

6. The Discrete Defect Line 

For a discrete defect line along the curve L the basic 
plastic fields reduce to the special form (115.14-15) 



e p =B* 



(6.1) 
(6.2) 



where the defect loop densities are defined by 
(115.12-13) 

/3*(r) ^StWibn + ejnniljiXm-^)}, (6.3) 
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*5(r)— 8,(S)Oj. 



(6.4) 



Here b n and (lj are the characteristic vectors, i.e., the 
dislocation Burgers vector and the Frank vector, 
x^ is a point thru which the axis of the disclination 
passes, and 8i(S) is the Dirac delta function for a sur- 
face S whose boundary is L. The defect densities are 
given by (115.19-20) 

OLin(r) = 8i(L){bn+€jmn(lj(x m -X° n )} 9 (6.5) 

ij (r) = 8 i (L)n j , (6.6) 

where d t (L) is the Dirac delta function for the closed 
curve L. The contortion is by (5.7) and (6.5) 

K kJ (r) = ll28 J ML){bi+€i P <fl p (x q -x°)} 

SjiLHbk+ekpJlpixq-x*)}. (6.7) 

The total Burgers vector is (115.17) 

B n = b n — €jmnQ>jXm , (6.8) 

and the displacement jump across the surface S is 
(115.1,115.5) 

[u n ] = B n + ejmnQjXm^ b n + e jmn £lj {x m — *m). (6.9) 



We now find the total displacement from (3.9), 
(6.1), and (6.3) 



R jjkdSl + R jii&ikdSj 



l 



Rj jk dS'j+^ zRajjdS'l 



\-v 



l-v 



The dilatation becomes 
\-2v 1 



e(r)=- 



[{bi + eaxiil^x^-xl])} 



R ,knn£klm + R ,nt£lm ] dS ' m 

and the stress becomes 



(6.12) 



J R ,knn ( tikldL'j ) (ij) + — — (/? #* ~ &ijR ,knn ) €khndL ' m \ 

+ R,nn (CljdLl) m + — - (R 4j - S ij R,nn)torndL'rX 

(6.13) 

Finally we find the elastic bend-twist from (5.21) and 
(6.6-7) 

Kij{r)= h{ R 6 * + ^A(^-«j)} 

|/?,A/„/^Z>j— - Rj hin dLk —RAnnCiklQjdL'j . 



(6.14) 



In this section we have derived explicit closed line 
integrals for the basic elastic fields and the stress of a 
discrete defect line in an infinite isotropic body. We 
have seen that when the disclination vanishes, n m =0, 
the results reduce to those for a discrete dislocation line 
in section 4.2. All the above integrals are given in terms 
of radius vectors. Hence they should be straightforward 
for given geometries of the discrete defect lines. As in 
the case of dislocation lines this should make the above 
(6.10) expressions useful for the practical application of 
disclinations. 



where we have used (IIB9). When the disclination 
vanishes, Ct m = 0, this equation reduces to (4.21). 
We find the elastic strain from (5.16) and (6.5-6) . 



7. Summary 

We have specialized previous results derived for 
anisotropic disclination theory to the special case of 
isotropy. We have also derived the isotropic theory 
independently and showed that anisotropic theory 
reduces to it. 

We have given a short review of incompatible theory 
which serves as the basis of departure for all subse- 
quent applications to defects. We have also reviewed 
dislocation theory which forms a basis of comparison 
for defect theory. 

For a continuous distribution of defects we have 

derived the expressions for the state quantities: the 

basic elastic fields and the stress. These expressions 

are given in terms of the defect densities, the disclina- 

where we have used (IIB8). Again, for fl m = 0, this tion and the dislocation density, which in turn can be 

reduces to (4.24). expressed in terms of the basic plastic fields. Next, 



M 1 *^^:^ {bi+eipqtop (x' q -x° q )} 

iRjcnn (eik(dLj)uj) 
+ ( T^ &ijR,knn) €klmdL' m \ 

+ R ,„„ {QjdLDw + (^ - 8 tj R ,„„ \ n„,dL'„^ , 



(6.11) 
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we specialized these results to a discrete defect loop. 
These expressions are given in terms of the character- 
istic vectors, the total Burgers vector and the Frank 
vector, as line integrals along the defect line. We have 
shown explicitly that these results reduce to those for 
dislocation theory when the disclinations vanish. 

The results for the discrete defect line are in a useful 
form for application to special geometries. In future 
publications we shall apply them to straight lines 
[8] and loops [9]. 
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